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Abstract
A novel method for determining an approximate solution to an integral equation with fixed singularity is presented. This integral
equation is encountered in solving a cruciform crack. On the basis of Taylor’s series for the unknown function, the integral equation
can be transformed to a system of linear equations for the unknown and its derivatives when neglecting a sufficiently small quantity.
Moreover, the nth-order approximation obtained is exact for a solution of a polynomial of degree less than or equal to n. The
proposed method is simple, fast, and can be performed by symbolic computation using any personal computer. A test example is
given to indicate the efficiency of the method. This method is also applicable to a variety of integral equations.
c© 2008 Elsevier Ltd. All rights reserved.
Keywords: Approximate solution; Integral equation with fixed singularity; Cruciform crack; Taylor’s series; System of linear equations
1. Introduction
Integral equations are frequently encountered in many branches of natural science and engineering applications.
For a cross-shaped crack of two equal arms subjected to equal, but arbitrary internal pressure, a governing singular
integral equation can be reduced via different approaches (see e.g. [1,2]). In addition, an integral equation of the form
[3,4]
χ(t)+
∫ 1
0
K (t, s)χ(s)ds = φ(t), 0 < t ≤ 1, (1)
with
K (t, s) = 4
pi
ts2
(t2 + s2)2 , 0 < t ≤ 1, 0 < s ≤ 1, (2)
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is also applicable in solving this problem. In the above equation, φ(t) is a prescribed function relating to internal
pressure, and χ(t) is an unknown function to be determined. Physically, χ(1) is of much importance since it is
directly proportional to the so-called stress intensity factors at the crack tips.
Taking into account the fact that the kernel K (t, s) in Eq. (1) has a singularity at (0, 0), Eq. (1) with this
characteristic cannot be solved by a common technique such as the Neumann series approach [5]. Using Legendre
series, Rooke and Sneddon [3] gave an approximate solution of the above integral equation; the convergency is,
however, slow. By means of a sigmoidal transformation Elliott [5] numerically solved the transformed integral
equation via the Euler–Maclaurin quadrature rule.
Differing from the above-mentioned approaches, ours presents a novel, simple, and efficient method for solving the
integral equation (1) with fixed singularity. By use of Taylor’s series for the unknown function, the integral equation
under consideration is then approximately converted to a system of linear equations for the unknown function as well
as its derivatives if neglecting a sufficiently small remainder. Solving this system, the unknown can be determined
analytically in terms of integrals of the nonhomogeneous term. Results indicate that the nth-order approximation of
the solution is exact for a polynomial of degree equal to or less than n. Finally, for an illustrative example for a
cruciform crack it turns out that the second-order approximation achieves very high accuracy.
2. Method
For simplicity, it is assumed that χ(t) ∈ Cn+1[0, 1]. Then one can expand the unknown χ(s) as a Taylor polynomial
at t (0 ≤ t ≤ 1), namely,
χ(s) = χ(t)+ χ ′(t)(s − t)+ · · · + χ
(n)(t)
n! (s − t)
n + ε(n) (3)
with the Lagrange remainder
ε(n) = χ
(n+1)(ξ)
(n + 1)! (s − t)
n+1, (4)
where ξ denotes a point between s and t . Clearly, the Lagrange remainder behaves like o(M |s − t |n/(n + 1)!),M =
max[0,1] |χ (n+1)(t)|. Furthermore, if χ(t) can be expanded as a convergent Taylor’s series with infinite terms, the
Lagrange remainder ε(n) → 0 as n →∞. Therefore, in practical implementation, χ(t) can commonly be expanded
as a Taylor’s series, so that ε(n) is small enough as n is taken sufficiently large. In particular, if the unknown χ(t) is
a polynomial of degree equal to or less than n, ε = 0 is easily found, implying that the expansion (3) is exact in the
case of ε = 0.
Now we substitute (3) into Eq. (1) which yields
n∑
j=0
χ ( j)(t)
j !
[
δ0 j + (−1) j
∫ 1
0
K (t, s)(t − s) jds
]
+ ε0 = φ(t). (5)
Here and hereinafter,
χ (0)(t) = χ(t), (6)
δi j (0 ≤ i, j ≤ n) denotes the Kronecker delta function, εi (0 ≤ i ≤ n) stands for infinitesimal quantities arising from
ε inserting relevant equations. In view of ε0 being sufficiently small, one can ignore ε0, and Eq. (5) then becomes an
ordinary differential equation. However, on account of varying coefficients, it is quite difficult to solve the resulting
ordinary differential equation. In what follows, we understand the above equation as a linear equation for unknown
χ and χ ( j) ( j = 1, . . . , n), which are taken as independent unknowns after neglecting the ε0 term. This is similar to
the treatment of Ren et al. [6], who employed a differentiation technique to convert an integral equation to a system
of linear equations. In what follows, instead of the differentiation technique, we utilize the integration method to
obtain n other independent equations for χ ( j) ( j = 0, 1, . . . , n). In fact, the latter provides many facilities and can
be applicable in many situations [7]. For example, the kernel of integral equations may be weakly singular [8]. Here
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it will be seen that the suggested method is also efficient for an integral equation with the kernel possessing fixed
singularity. Its advantage not only lies in obviating the complicated form of the derivatives of the kernel K (t, s), but
also gives an approximate solution with high accuracy.
To this end, integrating both sides of Eq. (1) with respect to t from 0 to u leads to∫ u
0
χ(t)dt +
∫ 1
0
χ(s)
(∫ u
0
K (t, s)dt
)
ds =
∫ u
0
φ(t)dt, 0 < u ≤ 1, (7)
which, evidently, can be further rewritten as∫ t
0
χ(s)ds +
∫ 1
0
K(1)(t, s)χ(s)ds = φ(1)(t), 0 < t ≤ 1, (8)
where
K(1)(t, s) =
∫ t
0
K (u, s)du, (9)
φ(1)(t) =
∫ t
0
φ(s)ds. (10)
Repeating the above process, we continue to integrate (7) n − 1 times and get
1
(i − 1)!
∫ t
0
(t − s)i−1χ(s)ds +
∫ 1
0
K(i)(t, s)χ(s)ds = φ(i)(t), 0 < t ≤ 1, i = 2, . . . , n (11)
where
K(i)(t, s) = 1
(i − 1)!
∫ t
0
(t − u)i−1K (u, s)du, (12)
φ(i)(t) = 1
(i − 1)!
∫ t
0
(t − s)i−1φ(s)ds. (13)
Consequently, inserting (3) into Eqs. (8) and (11), after some algebra and neglecting sufficiently small terms
associated with ε, we get
n∑
j=0
(−1) jχ ( j)(t)
j !
[
1
i + j t
i+ j +
∫ 1
0
(t − s) j
(∫ t
0
K (u, s)(t − u)i−1du
)
ds
]
=
∫ t
0
(t − s)i−1φ(s)ds,
(14)
for i = 1, . . . , n. Hence Eq. (1) is reduced to determining a system of equations consisting of Eqs. (5) and (14). It is
assumed that Eq. (1) has a unique solution; so the solution of a system of equations consisting of Eqs. (5) and (14) is
unique. Then one gets a system of linear equations for the unknown and its derivatives up to n, namely,
n∑
j=0
(−1) j
j !
[
(−1) jδ0 j + k0 j (t)
]
χ ( j)(t) = φ(t), i = 0, (15)
n∑
j=0
(−1) j
j !
[
1
i + j t
i+ j + ki j (t)
]
χ ( j)(t) =
∫ t
0
(t − s)i−1φ(s)ds, i = 1, 2, . . . , n. (16)
Here
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ki j (t) =

∫ 1
0
K (t, s)(t − s) jds, i = 0,∫ 1
0
(t − s) j
(∫ t
0
K (u, s)(t − u)i−1du
)
ds, i = 1, 2, . . . , n.
(17)
For brevity, we take χ(t) and (−1) jχ ( j)(t)/j ! ( j = 1, 2, . . . n) as unknowns. Making use of the well-known
Cramer’s rule, after some manipulations the desired solution χ(t) can be expressed as
χ(t) =
det

φ(t) k01(t) · · · k0n(t)∫ t
0
φ(s)ds k11(t)+ t
2
2
· · · k1n(t)+ t
n+1
n + 1
...
...
. . .
...∫ t
0
(t − s)n−1φ(s)ds kn1(t)+ t
n+1
n + 1 · · · knn(t)+
t2n
2n

det

k00(t)+ 1 k01(t) · · · k0n(t)
k10(t)+ t k11(t)+ t
2
2
· · · k1n(t)+ t
n+1
n + 1
...
...
. . .
...
kn0(t)+ t
n
n
kn1(t)+ t
n+1
n + 1 · · · knn(t)+
t2n
2n

. (18)
Hereinafter, the above solution denoted as χn(t) is referred to as the nth-order approximation of the exact solution to
Eq. (1). Moreover, it is easily verified that this nth-order approximation reduces to the exact solution for a polynomial
of degree less than or equal to n.
In particular, for a cruciform crack, knowledge of K (t, s) given by (2) allows us to directly evaluate ki j (t) appearing
in (18). In effect, after inserting (2) for K (t, s) into (17), making the variable transformation s = tθ yields
k0 j (t) = 4
pi
∫ 1
0
ts2(
t2 + s2)2 (t − s) jds = t jm0 j (t), (19)
where
m0 j (t) = 4
pi
∫ 1/t
0
θ2 (1− θ) j(
1+ θ2)2 dθ. (20)
In a similar fashion, in the following expression:
ki j (t) = 4
pi
∫ 1
0
(t − s) j
(∫ t
0
us2(
u2 + s2)2 (t − u)i−1du
)
ds, (21)
setting s = tθ and u = tω one can obtain
ki j (t) = t i+ jmi j (t), (22)
where
mi j (t) = 4
pi
∫ 1/t
0
θ2 (1− θ) j
(∫ 1
0
ω (1− ω)i−1(
ω2 + θ2)2 dω
)
dθ. (23)
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With these results, using the properties of determinants, after some simplification one can arrive at
χn(t) =
det

φ(t) m01(t) · · · m0n(t)∫ 1
0
φ(tθ)dθ m11(t)+ 12 · · · m1n(t)+
1
n + 1
...
...
. . .
...∫ 1
0
(1− θ)n−1φ(tθ)dθ mn1(t)+ 1n + 1 · · · mnn(t)+
1
2n

det

m00(t)+ 1 m01(t) · · · m0n(t)
m10(t)+ 1 m11(t)+ 12 · · · m1n(t)+
1
n + 1
...
...
. . .
...
mn0(t)+ 1n mn1(t)+
1
n + 1 · · · mnn(t)+
1
2n

. (24)
Therefore, the nth-order approximate solution χn(t) is obtained analytically. The remainder is calculating some
relevant integrals, and they can be given by direct calculation. For instance, taking n = 2, we have
m00(t) = 2
pi
(
A(t)− t
1+ t2
)
, (25)
m01(t) = 2
pi
(
A(t)+ 1− t
1+ t2 − ln
1+ t2
t2
)
, (26)
m02(t) = 4
pi
(
1
t
+ 1
1+ t2 − A(t)− ln
1+ t2
t2
)
, (27)
m10(t) = 2
pi
A(t), (28)
m11(t) = 2
pi
(
A(t)− 1
2
ln
1+ t2
t2
)
, (29)
m12(t) = 2
pi
(
1
t
− ln 1+ t
2
t2
)
, (30)
m20(t) = 1
pi
[
1
t
+ A(t)− 1
t2
tan−1 t
]
, (31)
m21(t) = 1
pi
[(
1
t
− 2
3t2
)(
1− 1
t
tan−1 t
)
+ A(t)− 1
3
ln
1+ t2
t2
]
, (32)
m22(t) = 2
pi
[
3
4t
− 2
3t2
+ 1
4t3
−
(
1
2t2
− 2
3t3
+ 1
4t4
)
tan−1 t + 1
4
A(t)− 1
3
ln
1+ t2
t2
]
, (33)
where
A(t) = tan−1 1
t
. (34)
Of much interest is χ(1) for the cruciform crack problem since it is equal to the so-called dimensionless stress intensity
factor at the crack tip. Accordingly, the desired second-order approximate solution at t = 1 is
χ2(1) = 1.00093φ(1)+ 0.03130
∫ 1
0
φ(θ)dθ − 0.33702
∫ 1
0
θφ(θ)dθ. (35)
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Table 1
Exact and approximate results for the case of pressure of a power law
q Exact Approximate Relative errors (%)
1 0.86354 0.86372 0.02
2 0.57547 0.57566 0.03
3 0.46350 0.46355 0.01
4 0.39961 0.39952 0.02
5 0.35681 0.35663 0.05
6 0.32549 0.32527 0.07
7 0.30125 0.30102 0.07
8 0.28176 0.28154 0.08
9 0.26564 0.26543 0.08
10 0.25201 0.25181 0.08
It should be noted that when the order of approximation rises to a sufficiently large level, the computation of the
determinants involved is very tedious. Fortunately, when the approximation order is very low, the accuracy of the
approximations obtained can be high enough and the results are satisfactory.
3. Test examples
To examine the effectiveness of the present method, a special case of the internal pressure p(x) applied to each
arm of the crack having the form
p(x) = xq−1, 0 ≤ x < 1, (36)
where q is any positive number, is considered. For this case, using the Wiener–Hopf technique, Stallybrass [4] gave
the exact result for normalized stress intensity factors as
χ(1) = 0(q/2)√
pi0((q + 1)/2) exp[−k+(iq)], (37)
where 0(∗) denotes the Gamma function, and
k+(iq) = 1
pi
∫ pi/2
0
ln
[
1+ q tan x cosech
(qpi
2
tan x
)]
dx . (38)
Note that a factor 1/
√
2 has been discarded in (37) due to the difference of the definitions of stress intensity factors
used. On the basis of the relation between p(x) and φ(x)
φ(t) = 2
pi
∫ t
0
p(x)√
t2 − x2 dx, (39)
using (36) we can arrive at
φ(t) = 0(q/2)√
pi0 ((q + 1)/2) t
q−1, (40)
which is inserted into (35), giving numerical results for χ2(1) for this case as follows:
χ2(1) = 0(q/2)√
pi0 ((q + 1)/2)
(
1.00093+ 0.03130 1
q
− 0.33702 1
q + 1
)
. (41)
A comparison between the approximate and exact results according to (35) (or (41)) and (37), respectively, is made
in Table 1 for q = 1, . . . , 10. As seen from Table 1, the second-order approximate results are quite accurate, less than
0.08 percent. It should be pointed out that (37) is suitable only for the pressure of power law given by (36), rather than
other pressure distributions. However, (35) is applicable to all possible cases.
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Table 2
Comparison of two approximations for uniform pressure
n Present Rooke and Sneddon [3]
Approximate Relative errors (%) Approximate Relative errors (%)
1 0.8652 0.19 0.6667 22.79
2 0.8637 0.02 0.8870 2.72
3 0.8848 2.46
4 0.8525 1.28
5 0.8660 0.28
Furthermore, for an arbitrary pressure distribution at the crack arms, although Rooke and Sneddon [3] also proposed
an approximate approach for determining the solution to the equation in question in [3] via using the Legendre series
method, the convergence rate is very slow. To compare their convergence rate, Table 2 lists several lower order
approximate results based on two approximate approaches for uniform pressure. Note that the exact value of this
case is 0.86354 to five decimal places.
4. Conclusions
Using Taylor’s series method, an integral equation with fixed singularity governing a cruciform crack can be
approximately converted to a system of linear equations for the unknown and its derivatives. An approximate solution
can be easily determined by the well-known Cramer’s rule. An illustrative example is given for a cruciform crack
subjected to uniform pressure as well as pressure of power law. Results indicate that the convergence rate is very fast,
and lower approximations can achieve high accuracy.
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